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Maximum Likelihood Estimation

Let yj be the observed decision in choice situation j for j = 1, . . . , J

yj = g (x ; θ) + εj

where x denotes the exogenous parameters of the choice situation
(e.g. price), θ denotes the preference parameters, and εj ∼ N (0, σs)

• Subject chooses yj from a convex choice set

• g (x ; θ) + εj is the demand function

� Derived by solving for utility-maximizing choice

Because εj ∼ N (0, σs), we know that yj − g (x ; θ)︸ ︷︷ ︸
εj

∼ N (0, σs)
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Maximum Likelihood Estimation

The normal error term characterizes the distribution of yj :

f (yj |x ; θ) = 1

σ
√
2π

· e−
[(

yj−g(x ;θ)

σ

)2
/2

]

=
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σ
φ

(
yj − g (x ; θ)

σ

)

Knowing f (yj |x ; θ), we can write down the log-likelihood function for θ:

� (θ) =
∑
j

ln [f (yj |x ; θ)]

=
∑
j

ln

[
1

σ
φ

(
yj − g (x ; θ)

σ

)]
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ML Estimation: CES Example

CES other-regarding utility function:

us(π
s , πo) = [α(πs)ρ + (1− α)(πo)ρ]1/ρ

Interpretation of the model parameters:

• α̂: fair-mindedness/selfishness, weight on payoff to self vs. other

• ρ̂: curvature of altruistic indifference curves, measures willingness to
trade off equality (payoff difference) and efficiency (sum of payoffs)

Subjects maximize utility s.t. budget constraint πs + pπo = m
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ML Estimation: CES Example

CES expenditure (e.g. demand) function is given by:

s∗ =
πs

m
=

(
α

1−α

)1/(1−ρ)

(p)ρ/(ρ−1) +
(

α
1−α

)1/(1−ρ)

Subjects choose πs from convex set; assume normally-distributed errors:

sj =
πs
j

mj
=

(
α

1−α

)1/(1−ρ)

(pj)
ρ/(ρ−1) +

(
α

1−α

)1/(1−ρ)
+ εj

for ε ∼ N (0, σs)
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ML Estimation: CES Example

To derive the likelihood, we exploit the fact that εj = sj − s∗ (p;α, ρ, σ):

� (θ) =
∑
j

ln [f (sj |p;α, ρ, σ)]

=
∑
j

ln

[
1

σ
φ

(
sj − s∗

σ

)]

=
∑
j

ln

⎡
⎣ 1

σ
φ

⎛
⎝ sj − A

p
ρ/(ρ−1)
j +A

σ

⎞
⎠
⎤
⎦

where

A =

(
α

1− α

)1/(1−ρ)
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ML Estimation: CES Example

This likelihood function is implemented in PS1, Question 7:

function [ll]=ll_ces(param)

% Declare GLOBAL variables

global obs share price

alpha=param(1,1);

rho=param(2,1);

sigma=param(3,1);

num=(alpha/(1-alpha))^(1/(1-rho));

num=num.*ones(obs,1);

denom=price.^(rho/(rho-1))+num;

dens=(normpdf((share-num./denom)/sigma))/sigma;

dens=max(dens,0.00000001);

ll=-sum(log(dens),1);
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ML Estimation: Adjusting for Censoring

What if s∗ > 1? How do we adjust for censoring (Cj = 1)?

� (α, ρ, σ) =
∑
j

ln

[{
(1− Cj) · f (sj |p;α, ρ, σ) + Cj · Pr [sj = 1|p;α, ρ, σ]

}]

=
∑
j

ln

[{
(1− Cj) · 1

σ
φ

(
sj − s∗

σ

)
+ Cj · Pr

[
s∗j + εj > 1

]}]

=
∑
j

ln

[{
(1− Cj) · 1

σ
φ

(
sj − s∗

σ

)
+ Cj · [1− Φ (1− s∗)]

}]

Because Pr
[
s∗j + εj > 1

]
= 1− Pr

[
εj < 1− s∗j

]
= 1− Φ (1− s∗)
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ML Estimation: Adjusting for Censoring

Adjusting for censoring requires a minor modification of the ML code:

dens=(normpdf((share-num./denom)/sigma))/sigma;

dist=???

like=???

like=max(dens,0.00000001);

ll=-sum(log(dens),1);
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ML Estimation: Discrete Outcomes

Subjects choose from a menu of allocations: ak ∈ A with K elements

• Example: “simple tests” proposed by Charness and Rabin (2002)

Log-likelihood takes the form:

� (θ) =
∑
j

∑
k

zjk · ln [Pjk (x ; θ)]

where

• zjk is an indicator for choosing option ak in choice situation j

• Pjk (xj ; θ) is the probability of choosing ak in choice situation j
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ML Estimation: Additive Random Utility Model

In an additive random utility model, realized utility is the sum of the
modeled component (“representative utility”) and a random component

Vj (ak |xj ; θ) = U (ak |xj ; θ) + εj

When εj is EV1-distributed, the choice probabilities are given by:

Pjk (xj ; θ) =
eU(ak |xj ;θ)∑

k∈K eU(ak |xj ;θ)

=
1

1 +
∑

z �=k∈K eU(az |xj ;θ)−U(ak |xj ;θ)

When U (ak |xj ; θ) is a non-linear function of the structural parameters,
normalize by the variance of the logit error term (which can be estimated)
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ML Estimation: Summary

Many experiments are motivated by theory

• Experiments are controlled, simplified choice environments

• Characterizing the optimal decision is often straightforward

• Characterizing the likelihood function is straightforward

Experimental design should be linked to the estimation strategy

• Continuous vs. discrete choice sets

• What variation is needed to identify model parameters?
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Individual Effort and Fairness



Characterizing Fairness

What constitutes a fair allocation?

• Equality-efficiency tradeoffs represent a spectrum of views on
fairness, but entirely ignore issues of entitlement, desert, equity

• Theories of reciprocity parameterize fairness/kindness in terms of
where one’s material payoff falls in the feasible distribution

Konow (JEL, 2003) reviews survey evidence that people reject these
simplistic ideals in favor equity/attribution/proportionality/desert

• People should be held accountable for their choices, effort

• People should not be accountable for factors beyond their control

• Not clear exactly how ability differences fit in to these theories
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Characterizing Fairness Ideals

Cappelen et al (AER, 2007) take this idea seriously, and argue that
people are likely to be heterogeneous in their conceptions of fairness

• Egalitarianism

• Libertarianism

• Intermediate ideals: equity theory, accountability principle, etc.

� Fairness ⇒ you are accountable for factors under your control

� Differences in income stemming from (some subset of) effort,
individual choices, innate ability, etc. are fair; however, inequality
resulting from factors beyond agents’ control is not fair

� What factors are beyond agents’ control?
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Characterizing Fairness Ideals

Propose a specific utility formulation:

Ui (yi |X ) = γyi − βi

2X
(yi −mi (X ))2

• X = dictator’s budget

• mi (X ) = fairness ideal (i.e. “fair” payoff for i)

• βi = cost of deviating from fairness ideal

• γ = marginal utility of money relative, to logit error term

Implied optimal (interior) allocation to self:

y∗
i =

γ

βi
· X +mi (X )
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Characterizing Fairness Ideals

Conduct modified dictator games preceded by team production phase

• Agent i assigned return to investment, ai

• Choose investment level, qi

• Total income X (a,q) = aiqi + ajqj is divided between i and j

• Both i and j propose an allocation; one is chosen at random

Implied fair allocation to other subject:

• Egalitarianism ⇒ mi (a,q) = X (a,q)/2

• Libertarianism ⇒ mi (a,q) = aiqi

• “Liberal egalitarianism” ⇒ mi (a,q) =
qi

qi+qj
· X (a,q)
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Characterizing Fairness Ideals: Results
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Characterizing Fairness Ideals: Results

Of 96 subjects, 47 always propose the same budget share

• 15 subjects always propose an even split

• 25 always propose to take everything

17 of those subjects who propose the same allocation in both decisions
also contribute the same budget share in both decision problems
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Characterizing Fairness Ideals: Results

Simple reduced form analysis of allocation decisions:

ProposedShareik = α+ δ

(
qik

qik + qjk

)
+ ψ

(
aikqik

aikqik + ajkqjk

)
+ εik

Dependent Variable: Proposed Budget Share to Self

Sample: All Subjects Variable
Investment share 0.26∗∗ · 0.157 0.467∗∗∗

(0.128) (0.159) (0.144)
Contribution share · 0.215∗∗ 0.121 0.084

(0.109) (0.138) (0.14)
Constant 0.55∗∗∗ 0.573∗∗∗ 0.541∗∗∗ 0.33∗∗∗

(0.074) (0.077) (0.079) (0.073)
Budget size controls Yes Yes Yes Yes
R2 0.034 0.033 0.038 0.193
Note: robust standard errors clustered at the player level. ∗∗∗ indicates significance at the 99 percent
level; ∗∗ indicates significance at the 95 percent level; and ∗ indicates significance at the 90 percent
level.
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Estimating the Distribution of Fairness Ideals

A structural model of subjects allocation decisions:

• Dictators choose from finite choice set: 50, 100, 150, . . .

⇒ Discrete choice model

• Utility of allocating yi to self given by

Ui (y |a, q) = γyi − βi

2X (a, q)
(yi −mi (a, q))

2

︸ ︷︷ ︸
=Vi (y |a,q)

+εiy

where mi (a, q) is i ’s fairness ideal and ε is IID EV1

• Error terms imply logit probability structure
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Estimating the Distribution of Fairness Ideals

The probability that i chooses to allocate herself y is:

⇒ Piy =

(
eVi (y |a,q)∑

z=0,50,...,X (a,q) e
Vi (z|a,q)

)

If we knew the parameters {βi ,mi (a, q)} for a specific individual i , we
could write down an explicit formula for i ’s choice probabilities

• Conversely, if we had a single subject (with a fixed {βi ,mi (a, q)}),
we could estimate the parameters via maximum likelihood (logit)

Use a mixed logit framework to estimate distribution of fairness ideals
(e.g. libertarian, egalitarian, liberal egalitarian) within subject population

• People are heterogenous, not enough data to estimate individual
parameters; need to impose structure on parameter distributions
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Estimating the Distribution of Fairness Ideals

Don’t observe individual βi parameters

• Assume lnβ ∼ N (
ζ, σ2

)
; ζ and σ are parameters to be estimated

Primary goal is to estimate λk , fraction of subject pool with holding
fairness ideal k , where k ∈ {egalitarian, libertarian, liberal egalitarian}

• Never know an individual’s fairness ideal, only dist’n

Write down choice probabilities in terms of parameters that will govern
the distribution of preferences: ζ, σ, λE , λLE , λL

Piy =
∑
k

λk

∫ (
eVi (y |a,q,k,β,γ)∑

z=0,50,...,X (a,q) e
Vi (z|a,q,k,β,γ)

)
f (β|ζ, σ) dβ

⇒ Simulate the integral following methods described in Train (2003)
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Characterizing Fairness Ideals
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Characterizing Fairness Ideals
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The Development of Fairness Ideals

Almas et al (Science, 2010) conduct similar experiments with teenagers

• Real effort task, alternative is to play computer games

• Subjects are Norwegian 5th through 13th graders

• Contribution depends on effort and multiplier

No change in overall generosity as children age
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The Development of Fairness Ideals

Older children make allocations (more) contingent on productivity
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The Development of Fairness Ideals

Egalitarians become more meritocratic as they group up!
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Comparing Models of Distributional Preferences

The distributional preference models in Fisman et al (2007,2015) and
Cappelen et al (2007,2010) differ along several key dimensions:

• Price variation vs. variation in relative merit

• Continuous vs. discrete choice sets

• Other differences?
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